Abstract. Inhomogeneous space-times in loop quantum cosmology have come under better control with recent advances in effective methods. Even highly inhomogeneous situations, for which multiverse scenarios provide extreme examples, can now be considered at least qualitatively.
INTRODUCTION
The question of whether there is one universe or a collection of different ones in a multiverse is inherently inhomogeneous, and therefore requires any quantum cosmological treatment to go beyond the common minisuperspace constructions. It remains extremely difficult to address in theories such as loop quantum gravity, which do not yet give rise to reliable intuitive and tractable phenomena in anything but the simplest models. Nevertheless, recent progress on effective descriptions of loop quantum gravity has revealed general, perhaps even universal, effects at high curvature, which can be used to test whether the theory makes it likely for the required structures of a multiverse to form. Quite surprisingly, the cosmological scenarios based on these new results are entirely unlike anything that has been imagined in most homogeneous models of cosmology. Some quantum-geometry effects can be so strong at high density that they trigger signature change, an implication which has been overlooked for several years because it can only be seen when inhomogeneity is implemented consistently. Consequences for a possible multiverse are discussed in this article.
BIG-BANG SINGULARITY
In isotropic loop quantum cosmology [1, 2] , the wave function ψ µ , in terms of a geometrical variable µ quantizing the spatial volume or the scale factor, can be extended to a universe before the big bang, according to a difference equation of the form C + (µ)ψ µ+1 − C 0 (µ)ψ µ + C − (µ)ψ µ−1 =Ĥ matter (µ)ψ µ .
(1) Following the recurrence, the wave function is evolved through µ = 0, the classical singularity [3, 4] . Departures not only from classical dynamics but also from the continuous Wheeler-DeWitt equation arise because there are strong "holonomy modifications" at nearly Planckian density, to be discussed in more detail later in this article. These corrections provide the terms by which the difference operator on the left-hand side of (2) differs from a second-order derivative by µ as it appears in the Wheeler-DeWitt equation. If finite shifts in the difference operator are Taylor-expanded, a series of higherorder corrections in the momentum of µ (a curvature component) is obtained [5] . Holonomy modifications therefore contribute to higher-curvature corrections expected in any quantum theory of gravity, but they lack higher time derivatives and therefore do not provide complete curvature terms.
Motivated by the use of holonomies instead of connection components in the full theory of loop quantum gravity, holonomy modifications replace the Hubble parameter H by a bounded function sin(ℓH)/ℓ in a modified Friedmann equation
with an ambiguity parameter ℓ of the dimension of length (possibly related to the Planck length). Using this modified Friedmann equation, one obtains in simple models an effective picture of singularity resolution given by a bounce [6] : Clearly, the energy density for solutions to (2) must always remain bounded. Note that higher-order corrections in an expansion of sin(ℓH) 2 /ℓ 2 ∼ H 2 (1 + O(ℓ 2 H 2 )) are indeed of the same size as usually expected for higher-curvature corrections, given by the matter density divided by something close to the Planck density. However, (2) ignores higher time derivatives which should be of similar size as they, too, contribute to higher curvature terms. As long as these terms are ignored, one cannot use (2) at high density, near the maximum of the sine function, and it remains unclear whether loop quantum cosmology generically gives rise to bounces as an effective picture of its singularity resolution. In some models with specific matter content (a free massless scalar or kinetic domination), one can show that higher time derivatives are absent or small [7] . There is therefore a class of models in loop quantum cosmology in which the mechanism of singularity resolution can effectively be described as a bounce, and we will explore this scenario in more detail here. Toward the end of the article, we will comment on the entropy problem [8] which must be addressed in any bounce model.
A bounce, in general terms, may give rise to a multiverse picture, using the following line of arguments: Consider a collapsing (part of the) universe. Inhomogeneity builds up as the universe evolves. If space is viewed as a patchwork of nearly homogeneous pieces, their size must be decreased after some time interval to maintain a good approximation, a mathematical process which can be seen as describing the dynamical fractionalization of space. These statements are true in any collapsing universe. If one uses a theory that gives rise to a bounce mechanism, denser patches that reach Planckian density earlier bounce first (assuming that homogeneous models are good for the patch evolution). These bounced patches appear as expanding regions embedded within a still-contracting neighborhood. Given the opposite expansion behaviors, it is difficult to imagine that they can maintain causal contact with their neighborhood. A multiverse picture not unlike that of bubble nucleation in inflation results, except that there is no analog of "bubbles within bubbles" because a patch, once it has bounced, keeps expanding and diluting for a long time and would have to recollapse to trigger new bounces.
Another, independent mechanism that, too, starts with general properties of inhomogeneous collapse uses features of black holes: As inhomogeneity increases, black holes may form and grow. If the singularities they contain classically are resolved in quantum gravity, the question is where this dense space-time region leads to. The interior space-time within the horizon of a Schwarzschild black hole, Fig. 1 , can be treated like cosmological models and is resolved just like the big-bang singularity if modifications of loop quantum cosmology are used [9] . Also here, the presence of largely uncomputed highercurvature corrections means that no effective space-time for a non-singular black hole is known. But one can try to see how a non-singular, possibly bouncing interior could be embedded within an inhomogeneous blackhole space-time. The non-singular interior may be embedded in a spherically symmetric exterior in different ways, shown in Fig. 2 . If space-time splits off into a baby universe, a causally disconnected region is obtained, as illustrated in Fig. 3 . Multiple such processes provide a multiverse.
We need good control on inhomogeneity if we want to fill these scenarios with more details. This task is difficult to achieve in non-perturbative quantum gravity, but we can use effective theory to include the key effects in a 
SPACE-TIME STRUCTURE
In order to develop ingredients for an effective description of quantum space-time in loop quantum gravity, we begin with a formulation and generalization of the relevant classical structures. Classical space-time has as symmetries Poincaré transformations, which one may view as linear deformations of spatial slices in spacetime: we have deformations along the normal n by
with time translations and boosts, see 
. The space-time structure of general relativity is obtained by allowing for non-linear deformations of spatial slices. The Poincaré algebra is replaced by the infinitedimensional hypersurface-deformation algebra. Using classical space-time geometry, one can derive (3)- (5); see e.g. [12] .
Algebraic calculations of commutators can be replaced by geometrical pictures, such as the one shown in Fig. 5 . In this way, it turns out, one is more open to potential modifications of the algebra due to quantum effects. It is also possible to extend the picture to general relativity without much effort. We simply view local Lorentz transformations or non-linear coordinate changes as nonlinear deformations of space, as in Fig. 6 . Instead of the well-known commutators of the Poincaré algebra, we obtain the not-so-well-known hypersurface-deformation algebra of infinitely many generators (S( w( x)), T (N( x))), labeled by a vector field w( x) and a function N( x) in space, with [11] [S(
Hypersurface deformations not only generalize the Poincaré algebra, they also geometrize the dynamics of space-time. As shown by [13, 14] , second-order field equations for metrics, invariant under the hypersurfacedeformation algebra, must equal Einstein's. Moreover, invariance under the hypersurface-deformation algebra implies general covariance.
All this is classical physics. The problem of quantum gravity can be approached by asking: How does quantum physics change hypersurface deformations?
CANONICAL GRAVITY
In order to see how quantum gravity may affect the relations (3)- (5), we must find operators that quantize the classical expressions of T (N) and S( w). Posing the question in this way suggests that canonical quantum gravity might be closests to answering it, and loop quantum gravity is currently the best-developed canonical approach. In this framework, computing the quantum version especially of (5) in complete detail remains challenging, but a diverse set of methods, including but not restricted to effective techniques, has during the last few years led to mutually consistent and apparently universal results in most of the model systems usually considered in general relativity [15, 16, 17, 18, 19, 20, 21, 22, 23, 24] ; see [12, 25] for a general discussion.
Since we will be using methods of loop quantum gravity [26, 27] , we describe space-time geometry by a canonical pair of an su(2)-valued "electric field" E i and a "vector potential" A → i . (An under-arrow indicates a covariant vector, or a 1-form.) The gravitational electric field is a triad and determines spatial distances and angles by three orthonormal vectors E i , i = 1, 2, 3, at each point in space. The gravitational vector potential A → i is a combination of different measures of curvature of space: the Ashtekar-Barbero connection.
In quantum field theory, one uses integrated (smeared) fields to construct creation operators by which one can generate all Fock states out of the vacuum. In loop quantum gravity, the geometrical fields offer a natural smearing of A → i along curves (exponentiated to holonomies) and E i over surfaces (fluxes). Loop quantum gravity uses holonomies as creation operators to construct a state space. In what follows, we illustrate these objects using a U(1)-connection A → for simplicity. Holonomies are then h e = exp(i e dλ A → · t e ) integrated along curves e in space, with tangent t e . For every possible e,ĥ e provides excitations of geometry along this curve: As we will see momentarily, surfaces intersected by e gain area as the excitation level on e is increased.
To construct the corresponding quantum theory, we start with a basic state ψ 0 , ψ 0 (A → ) = 1. Excited states are obtained by acting with holonomies:
written in the connection representation. Many excitations along edges are needed to obtain a macroscopic, near-continuum space-time region. Quantum space-time is realized when only a small number of curves e is geometrically excited, and the action of a single holonomy operator has strong implications on the overall state. Holonomy corrections to the classical equations, as already used in (2), are then significant. Derivative operators are quantized fluxes S d 2 yn → ·ˆ E for surfaces S in space, with co-normal n → . They act by
with the intersection number Int(S, e) and the Planck length ℓ Pl = √ Gh. On the right-hand side, we sum only integers, implying a discrete spectrum for fluxes. The same kind of discreteness is realized if we go back to SU(2)-valued fields, in which case we simply replace derivatives by angular-momentum operators, and integers k e by spin quantum numbers [28] . Geometry is discrete: for gravity, fluxes with discrete spectra represent the spatial metric.
Dynamics
For the discrete dynamics of cosmic expansion, one must quantize the gravitational Hamiltonian (constraint). Since it depends on the connection but only holonomies can be represented as operators in loop quantum gravity, modifications as in (2) are necessary, but now for the full theory [29, 30] . The modified dynamics then takes into account details of how discrete space grows by creating new lattice sites (atoms of space), changing the excitation level of geometry as measured by fluxes.
The classical form of the Hamiltonian is somewhat analogous to that of Yang-Mills theory on Minkowski space-time, where
for 
with C i jk = ε i jk . The presence of a free function N in (9), as opposed to (8) (5) and the space-time structure it encodes might change. Not surprisingly, the required calculations are rather complicated and remain incomplete, but some results are known.
The form of the Hamiltonian together with properties of the loop representation implies characteristic corrections when quantized. We have already mentioned higher-order corrections resulting from an expansion of holonomies by A → i , used in place of the classical B i in (9) . Holonomy corrections will modify any gravitational Hamiltonian in loop quantum gravity, and therefore indicate that (5) might be quantum corrected. However, holonomy corrections are not the only ones. There is also quantum back-reaction, which is present in any interacting quantum theory and gives rise to higher-time derivatives and curvature corrections. In canonical quantizations, effective techniques provide systematic methods to compute such terms [31, 32, 33] . Note that holonomy corrections and quantum back-reaction (higher-time derivatives) both depend on the curvature. The magnitude of holonomy corrections and quantum back-reaction therefore cannot easily be distinguished, but their algebraic features are sufficiently different from each other to disentangle their implications for quantum space-time, using the substitutes of (5) they imply.
There is a third type of corrections in loop quantum gravity which is easier to handle and which we will discuss first. We obtain inverse-triad corrections from quantizing [34] 
whose right-hand side appears in the Hamiltonian (9) but cannot be quantized directly, owing to non-existing inverses of flux operators (7) with discrete spectra containing zero. The left-hand side of (10), on the other hand, can be quantized and is regular, but implies quantum corrections especially for small flux eigenvalues; Fig. 7 . These corrections can be computed explicitly in models and provide an automatic cut-off of the 1/E-divergences [35, 36, 37] . They refer to flux eigenvalues in relation to the Planck scale, and are therefore independent of holonomy and higher-curvature corrections which depend on the curvature scale or the energy density. Inverse-triad corrections are therefore more reliable than holonomy corrections, given that higher-curvature terms in loop quantum gravity remain largely unknown. FIGURE 7. Inverse-triad corrections of loop quantum gravity imply a correction function α(µ) that depends on ratios µ of flux eigenvalues by the Planck area and multiplies any occurrence of inverse triads for instance in Hamiltonians. These functions approach the classical limit α = 1 from above for large fluxes (coarser spatial lattices) and cut off classical divergences by strong quantum corrections at small flux values. The parameter r describes a quantization ambiguity, which does not affect qualitative features such as α becoming small near µ = 0 and α approaching one from above for µ → ∞.
Inverse-triad corrections
For any type of corrections, we can study dynamical implications by inserting their correction functions in the classical Hamiltonian. For inverse-triad corrections, for instance, we have
with a correction function α( E l ) as in Fig. 7 . The Hamiltonian generates time translations as part of the hypersurface-deformation algebra; when the Hamiltonian is modified, the Poisson-bracket algebra is therefore different from the classical one, (3)- (5) . By consistency conditions of gravity as a gauge theory, quantum corrections deform but do not violate covariance [15] . We have
The algebra of hypersurface deformations is deformed, and the laws of motion on quantum space-time change. Repeating the construction in Fig. 5 , but using the deformed algebra as in Fig. 8 , the relation of a spatial displacement to the boost velocity is modified: ∆x = α 2 v∆t. Discrete space speeds up propagation. (According to Fig. 7 , we have α > 1 unless we are in strong quantum FIGURE 8. The hypersurface-deformation algebra (14) in the presence of inverse-triad corrections modifies the classical laws of motion. With the constructions in Fig. 5 , spatial displacements during a time ∆t at velocity v differ from the classical value: ∆x = α 2 v∆t. Classical geometry can no longer be used to derive this relation, but it can be computed from the commutator (14) with the functions N 1 and N 2 given in Fig. 5 . Since α > 1 in mildly-modified, semiclassical regimes, the displacement is larger than expected classically and velocities seem to increase compared to the expected v. Even the speed of light is larger than classically, but there is still a consistent causal structure [38] thanks to the closed algebra (14) . regimes of small µ in which additional corrections have to be taken into account.)
Modified velocities can also be seen in cosmological perturbation equations, in which the dynamics of density perturbations u and gravitational waves w now is [39] −u ′′ + s(α)
The function α that modifies the speed of gravitational waves is shown in Fig. 7 , and all other quantum-corrected functions, s(α),ã andz are known in terms of α but by rather involved equations. As one general consequence, s(α) = α. We therefore have different speeds for different modes, and obtain corresponding corrections to the tensor-to-scalar ratio as a characteristic signature of deformed space-time. For falsifiability of the theory, it is crucial that α − 1 becomes large for small lattice spacing (flux values), while large lattice spacing implies discretization effects and strong violations of continuum physics. Two-sided bounds on the discreteness scale are obtained, improving the common dimensional expectations (effects of the size of the average density divided by the Planck density) by several orders of magnitude [40, 37] . Before we move on to the other types of quantum corrections, we discuss the conceptual nature of quantum space-time subject to (12)- (14) or related modifications. No effective line element can exist, for the metric and coordinate differentials transform in non-matching ways, the metric -a phase-space function -according to modified gauge transformations by (14) , but any dx by standard coordinate changes. One could try to find new differential-geometry structures, such as noncommutative [41, 42] or fractal ones [43] , that could provide an invariant line element together with metric coefficients subject to modified gauge transformations. But even without a concrete space-time model, quantum space-time is well-defined because all observables can be computed from (12)- (14) by canonical methods. (See [44] for canonical gravity.) Quantum space-time is also covariant since the full gauge algebra is realized, albeit in a deformed manner [45] . Quantum space-time is just not Riemannian space-time, but this is not to be expected anyway given the presence of discrete structures.
Quantum back-reaction
Higher-curvature terms in effective quantum gravity [46, 47] modify the classical dynamics, but, unlike quantum-geometry corrections of loop quantum gravity, leave the algebra (5) unchanged [48] : they give theories in which the space-time structure is still classical. They can be derived by standard methods of low-energy effective actions, in which a derivative expansion expresses non-locality by higher time derivatives. Covariance of the theory together with a Poincaré-invariant vacuum state, around which the low-energy effective action expands the quantum dynamics, imply that corrections can only be by space-time scalars, or curvature invariants of increasing order in the derivative expansion.
Loop quantum gravity, as a canonical theory, does not allow easy applications of standard low-energy effective actions which are often based on path integrals. Moreover, it is not clear whether it has a Poincaré-invariant vacuum (or other) state, or whether such a state would be the right base to expand around for, say, quantum cosmological phenomena. It is therefore necessary to use a procedure which is canonical, and at the same time general enough to encompass different quantum states.
Such a procedure [31, 32] can be found by turning Ehrenfest's equations into systematic expansions. Ehrenfest's equations in quantum mechanics express the rates of change of expectation values of basic operators in terms of other, usually more complicated expectation values. For instance, in quantum mechanics of a particle of mass m in a potential V (x), we have
of the simple classical form. The expectation value of the momentum, however, changes to
which for a non-quadratic potential is not a simple expectation value ofx. One can formally expand
with the fluctuation ∆x = (x − x ) 2 and additional terms that contain higher moments (x − x ) n .
Since moments of a quantum-mechanical state are degrees of freedom independent of expectation values, the system of equations (17) and (18) is not closed. However, by the same procedure, computing expectation values of commutators as in (17), one can derive new evolution equations for ∆x and all other moments. In a semiclassical expansion, only finitely many equations need be taken into account at any fixed order, making the system manageable. Moreover, one can combine this expansion with an adiabatic one in which moments are assumed to vary more slowly than expectation values. With these expansions, as shown in [31] , one reproduces the usual low-energy effective action [49] for anharmonic systems. Higher orders in the adiabatic expansion provide higherderivative terms [33] .
The procedure sketched is the right basis to derive effective actions for canonical quantum systems. However, an application to quantum gravity requires additional extensions, most importantly one to include constraints or gauge properties, and to address the problem of time in the absence of an absolute evolution parameter such as the one used in (17) . Also this extension is available at the canonical level [50, 51, 52] and allows one to solve the problem of time, at least semiclassically [53, 54, 55] . One could apply these techniques to a quantum version of the algebra (3)- (5), whose symmetry generators in the gauge theory of gravity are constraints. However, a last ingredient required for a successful implementation is still being developed: a generalization of canonical quantum mechanical effective methods to quantum field theories.
At present, it is therefore difficult to include quantum back-reaction in the algebra (5) to see how it could be corrected. One expects higher time derivatives to arise from these corrections, as has been established for quantum-mechanical systems [33] , and therefore quantum back-reaction contributes to higher-curvature terms. If the corrections are purely higher curvature, they do not change the hypersurface-deformation algebra. But common low-energy arguments stating that effective quantum back-reaction in gravity is of higher-curvature form assume that there is a Poincaré-invariant vacuum state to be expanded around. In non-perturbative quantum gravity, especially one with a discrete spatial structure such as loop quantum gravity, it is unlikely that there is any exactly Poincaré-invariant state. Standard arguments for higher-curvature effective actions then break down, and in addition to curvature invariants there may well be other terms that modify the algebra (5), reflecting new space-time structures in the presence of discreteness.
It is possible for quantum back-reaction to modify (5) and compete with the quantum-geometry corrections of loop quantum gravity. Inverse-triad corrections do not refer directly to the density or curvature scale and are therefore safe from competition by quantum back-reaction; they can be discussed separately and bounded observationally. But holonomy corrections always compete with higher-curvature terms.
Any holonomy modification of (5) could, in principle, be undone by modifications due to quantum backreaction. However, a more detailed look at how quantum back-reaction in constrained systems arises shows that whatever modification may be present, it cannot remove all possible modifications by holonomy corrections. The reason for this is the form of degrees of freedom. Holonomy corrections change even the dependence of Hamiltonian (constraints) on expectation values; they are modifications of the classical dynamics motivated by quantum geometry. Quantum back-reaction gives rise to corrections that depend on moments of a state, as in (19) . If one computes Poisson brackets of constraints corrected by quantum back-reaction, all correction terms will still depend on moments after taking the Poisson bracket: Moments are based on polynomial expressions in x and p, at least of second degree, and the Poisson bracket of two polynomials of degree at least two is always a polynomial of degree at least two. Quantum corrections of (5) due to quantum back-reaction will therefore contain moments, while those due to holonomy corrections do not.
Quantum back-reaction can cancel holonomy modifications only for special states in which moments are strictly related to expectation values in a specific way. Generically, these corrections, even though their magnitudes are similar, provide different terms that do not cancel each other. Even in the absence of consistent versions of (5) that include quantum back-reaction, it remains meaningful to study holonomy corrections and use their implications for quantum space-time structure, in the same spirit as already discussed for inverse-triad corrections.
Holonomy corrections and signature change
Holonomy corrections give rise to a difference equation (1) for the wave function, and imply strong modifications at high density. However, quantum back-reaction and higher-curvature corrections are both significant in the same regime, and therefore the high-curvature behavior of loop quantum cosmology remains uncertain.
It is, however, clear that holonomy corrections imply drastic effects on quantum space-time. The hypersurfacedeformation algebra with holonomy corrections is not completely known, but all cases that have been computed so far give the same structure [17, 18, 19] :
with a correction function β that satisfies β < 0 at high density (the putative "bounce" of simple models). With modifications as in (2), we have β = cos(2ℓH) in terms of the Hubble parameter. Notice that inhomogeneities, although they must be present to have a nontrivial derivation of the algebra (22), are not the reason for the modification by β . The reason is holonomy modifications, which already appear for homogeneous background evolution. Inhomogeneity is merely used to show non-trivial space-time effects, as the right-hand side of (20)- (22) vanishes identically for homogeneous N and w.
A negative β , for instance β = −1 at high density, means that constructions such as those in Fig. 5 lead to intransigent motion with ∆x = −v∆t, a displacement opposite to the velocity. A geometrical interpretation is now more meaningful: A negative β implies that the spacetime signature becomes Euclidean [12] , as can be seen by comparing Fig. 5 with the Euclidean version Fig. 9 . Indeed, if one computes cosmological perturbation equations analogous to (15) and (16) , as done in [19, 56] , the positive α 2 is replaced by β , giving rise to an elliptic differential equation when β < 0. (Holonomy corrections, so far, do not lead to different parameters β and s(β ) for the independent modes of cosmological perturbation equations.) The same effect happens when inhomogeneity is treated non-perturbatively in spherically symmetric models [17] , where it can be shown to be largely insensitive to quantization ambiguities [12] . With signature change at high density, the cosmological scenario of loop quantum cosmology is not a bounce, but is reminiscent of the Hartle-Hawking picture, now derived as a consequence of quantum space-time structure in the presence of holonomy corrections.
MULTIVERSE?
In view of these new results, we must revise our multiverse scenario sketched in the beginning of this article, based on cosmological bounces. (See also [57] .) We observed that inhomogeneous collapse combined with a transition to expansion (a "bounce") may lead to causally disconnected regions, expanding within a larger multiverse. Inhomogeneity of this type is extremely hard to control with present-day non-perturbative quantum gravity, but good effective methods are now available to help us understand the relevant space-time structure. Loop quantum gravity, it turns out, implies radical modifications at Planckian densities, with a quantum version of 4-dimensional Euclidean space instead of space-time.
In Euclidean space, initial-value problems are illposed and there is no propagation of structure from collapse to expansion, as assumed in bounce models. Expanding patches that may result are causally disconnected not just from their surrounding space-time, but also from their predecessor which was collapsing. Instead of a bounce, loop quantum cosmology, once inhomogeneity is taken into account consistently, gives rise to a non-singular beginning of the expanding Lorentzian phase we can observe. The transition from Euclidean to Lorentzian signature, when β = 0, is a natural place to pose initial conditions, for instance for an inflaton state. These initial values are unaware of what happened in the collapse phase, so that the picture of dense collapsing patches bouncing first is not realized.
The new signature-change of loop quantum cosmology shares with bounces the combination of collapse with expansion, but the collapse phase does not deterministically affect the expansion phase. As a consequence, there is no entropy problem because no complete information is transmitted through high densities. And yet, the model is non-singular [58] .
One may still view the possible collection of expanding universes within one space(-time), combining Euclidean and Lorentzian pieces, as a multiverse. However, any causal contact realized is even weaker than what is usually possible in multiverses, and it may seem more appropriate to talk of separate universes instead of one however connected larger structure. Each of these expanding patches has its own beginning when space-time emerges by signature change from 4-dimensional space, giving it a clear status as a universe of its own.
